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Abstract: For any positive integer mn，the famous Smarandache power function 9P(P) is 
defined as the smallest positive integer 7 such that ?mm ，where 7 and 7 have the same 
Prime divisors. 开 he main purpose of this paper is using the elementary methods to study the 
positive integer solutions of an equation involving the Smarandache power function 9 己 (m) 
and obtain some interesting results， At the same time，we give an open problem about the 
related equation . 
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81. Introduction and Results 


Eor any positive integer ,we define the Smarandache power function 95P(m) as the smallest 
positive integer 7 such that ?|707， where mand 7 have the same prime divisors. 工 hat is， 


SPm) =mins7m: 27 70 E N， TIz=TJIz 
2P|7m 


DP|m 


开 m runs through all natural numbers，then we can get the Smarandache power function 
seduence {9P(n) 六 1 2, 3, 2, 5,，6, 7, 4,， 3,， 10,，11,，6, 13, 14, 15, 4, 17,， 6, 19, 10，.…， 


In reference 册 ，professor Smarandache asked us to study the properties of the sequence 
{9P(n)} From the definition of SP(P) we can easily get the following conclusions: 
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开 兄 三 22&， where D be a Prime, then we have 


D， 让 1<awx<7Di 
D2， 让 p+1K<a<2p2; 
9P(WJ 一 23， 诈 252 二 1<a<3p3; 


Dp2， 计 (ww 一 Hp 二 TI<a<aD2. 


Let 见 王 D71D22 .Dr denotes the factorization of m into Prime Powers. 
I oai < Di for al ai( = 12…… ,7)，then we have SP(n) = V(w)，where V(np) = 工 p， 
刀 


TI denotes the product over all different Prime divisors of .It is clear that 9P(P) is not a 
P|m 


multiplicative function， For example，5P(8) = 4 95P(3) = 3, 9P(24) =6 关 9P(3) x 595P(9)， 
But for almost m and m with (mm) = 1 we have SP(mmn) = SP(m) :SP(m). In referenceD]， 
doctor XU Zhe-feng had studied the mean value Properties of 9P("), and obtained some sharper 
asymptotic formulas,，one of them as follows: 


2 一 iT (4 三 元 十 O (本 


where e denotes any fxed positive number, and [ [ denotes the product over all Primes，. 
了 


In this paper，we shall use the elementary methods to study the positive integer solutions 
of an equation involving the Smarandache power function 9P(")，and prove the following 


conclusion : 


Theorem ”For any positive integer 7 and 8 > 1, the equation 
SP 二 SPna) 十 :十 9Pi 三 如 :9P(Pi 十 ma 十 :十 TD)， (1.1) 


has infinite positive integer solutions (ml1,722，……… ,AD). 
82. Proof of the ITheorem 


In this section，we shall complete the proof of our theorem. First we need the following two 


important Lemmas. 


Lemma 1 TIhere exists an absolutely constant cl > 0 such that every odd number N > cl 


can be represented as a sum of three odd Primes， 


This Lemma is called the famous Three Primes Theorem. Its proof can be found in reference 
[3 and [. 


Lemma 1 can also be extended as follows: There exists an absolutely constant cl > 0 such 
that every odd number Nx > cl can be represented as a sum of 28 十 1 odd Primes， 
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Lemma 2 ”There exists an absolutely constant cl > 0 such that every large even integer 
AN > cl can be represented a sum of a prime and an almost prime having at most two Prime 


factors. 
This is the famous Chen's Theorem. Its proof can also be found in referencel3l. 


Now we use these two Lemmas to prove ouUr Theorem. 开 7m and K are odd numbers, then 


下 二 3， Let mm 一 091D22 .…D2s be the factorization of mm into prime powers，then for prime 
下 二 S 


忆 large enough, from Lemma 1 we know that there exist primes dg1，92，.…，ds Satisfying the 
equation : 

DT D82+T .DeoTlP 一 gl 十 ga 十 … 十 g (2.1) 

Then taking mi = di( = 1，2,， .…，j1) in equation (1)，from the properties of SP(P) and 


equation (2) we may immediately deduce that 


5P(d) 十 9P(q) 十:… 十 9P(UO) 
一 9 十 ga 十 :十 @ 一 DYITTD32+1 DoeT1 记 
一 DerD92 .Dee . D1D2 Do 已 一 妈 . DiDo .Do 已 
一 71 ， SP(pYa+T1p22+ 1 5 . D2* 十 1 万 ) 


三 7 .SPO 十 2 十 :十 9). 


That is to say, ouUr theorem is correct 让 and K are odd numbers. 
开 7m be an odd number and F be an even number, then we discuss it in two cases: 


Case (a 天 一 2， We still let mm 一 DT1D22 .DRR be the factorization of 7 into prime 
1 D2 天 


powers, then for Prime 尸 large enough, from Lemma 2 we know that 
2p1 TD227 2 08 忆 二 041 十 02 


OT 


CT 十 1 


2p9 7D22 209 全书 一 dl 十 到 届 . 


where ql, 0 and 0 are Primes. In any case，we still have 


9P(o)+S3P(o)=ql1 十 02 
三 2p92+1D22+ . De 十 万 
三 70 .2D1D2 De 也 
二 7 .9P(2p1p2 Do 也) 
一 和 .SP(2p81+1p22+1 .2D9s+1L 万 ) 


一 7 .9P(ai 十 02) 
or 


9P(O) 十 9P( 到 ) = 01 十 严 宙 


二 al 十 1，aw2 十 1 as 十 1 
二 2011 02” 2Ds 忆 
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三 7 .2D1D2 2Ds 卫 

二 必 :9P(2pl1Dpo Dos 忆 ) 

一 和 .SP(2p81+1p22+1 .2D9s+1 亡 ) 
三 70 .9P(ql 十 兄 罗 ). 


Case (b) 天 =2k1, ji 之 2. This time 人 om Lemma 1 we have 


DY TD321 .DR 忆 一 91 十 4 十:… 十 dl1 十 2. 


Using the same method of the above we can prove that the theorem is also correct, see Teference 
上 |， 


Next，we' discuss the equation (1) in which 7 be an even number.， We still let 7 = 
DT1D22 .DR be the factorization of 7 into prime powers, and discuss the equation (1) in the 
following three caseg: 


DT) 开 上 = 2, then from Lemma 2 we know that,p9i+1Ip92+1 .DoxtIP is asum of a prime 
1 2 大 
and an almost prime having at most two Prime factors. 工 hat is， 


DT1032 DR 一 让 十 对 


OT 


1 二 
人 为 32 示 机 .DR 三 一 崭 os d1 02， 


where 尸 be a prime large enough，and 7 ， di( = 一 1,2) are Primes， Using the same method of 
the above we also get that the left hand side of the equation (1) is equal to its right hand side. 


(IT) 正大 三 211(51 > ])then we have 
28T 82 一 和 十 和 二 二 1 十 3， 


Where 尸 denotes a Prime large enough, di 三 1,2…… ,大 一 1) are Primes. 


也 ence， 


2 DR 和 全 古 3 三 91 十 ga 十 … 十 9 -1 
which satisfy Lemma 1, so (1) is also holds. 
(II) 开 磊 211 十 1(051 > 1),then we have 


Cl1 十 1 _aw2 十 1 
DT D2” 


.DR 一 四 十 @ 十 … 十 qh 1 十 2 
and 
82 D32 二 7 人 DR 忆 一 2 三 4 十 g2 十 … 十 gp 一 1. 
Since 丰 一 1is an even number，so this case is the same as in (ID). Thus (1) is also holds. 


Since P is a prime large enough,， hence for any m E 2+, and > 1, the equation (1) has 
infinite positive integer solutions (1，m2，'… ，7k)， This completes the proof of our Iheorem.. 
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83. An Open Problem 


开 we put the number mm in the right hand side of the equation (1),，hovw about the positive 


integer solutions of the equation: 


This is an open problem . 


We guess that (3) also has infinite positive integer solutions (71，72，…， ，7). 
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